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ABS TR.&C T

This paper deals with the calcu-ation of tne wavefo_ms which are
reflected from a spherical satellite surface, and with their ambiguity
functions. These s_dies wilt be helpful in radar zneasur-.ments of the
surface characteristics of a satellite.

A waveform consisting of a finite pulse train repea_ed periodic-
ally has an ambiguity function which is pe:'iodic along both axes, i.e.,

dopp!er shift and delay time. The effect of this on measurements
of the _urfacc characteristics of a sateTdite is discussed,
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Page I of 29i

. WAVE FORMS AND AMBIGUITY FUNCTIONS OF PULSED

,_,._oNALS REFLECTED FROM A SPHERICAL SATELLIT_

!
HYPOTHESES

I 1. A satellite is rotating around the z axis with an angular
velocity G.

!
-- 2. incident and reflected waves propaga_;e along the x axis for

the assumed rnonostatic scattering

I 3. The transrnit:ed signal is a pulse train with uniform shape

and spacing and is repeated periodically,

NOTAVION

R = radius of a satellite

, ei(t ) = incident wave
er(t) = reflected wave
c = v_locit T of light

fo = carrier frequency of the transmitted wave
A T - a time dalay in the r_flected wave from a point P(%, _b)

on the surface, with difference between a point 7_(0. _b)

and the p_int which is nearest to the _ransmttter (see

Fig. I)

ZR
(1) aT = -- (1 - sin e. cos 4,)

C

Zlf = a doppler shift in the reflected wave from a point p(8,#)

Zf o
(Z) Af =-- i_R sin _. sin _b

• C

• Ix(O,#, fd, Td)[ = an ambiguity function of '_he matched filter output"
which is designed to match the reflected wave frcm a point In(0, _)

1878-1 1 _
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Fig. 1. A coordinate for a satellite.

]X(Af, A T, fd, Td) ] = another expression of an ambiguity function

{x(O, sb, fd, Td) ] by substituting Af and AT for 0and ¢.

REFLECTED WAVES AND THE

MATCHED FILTERS

Let the transmitted wave be

-, (3) el(t) = U(t) • eJZwfot , '

where

I
1878-I Z {
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U(t) is the envelope funcfiion of a transmitted wave ar.d _ is the
carrier frequency. ,_e reflected wave from a point p(6,_b) on
the surface is

(4) er(t ) = v_(O_ _]R a lin O. cob $. Uit-A T)" ejZ_(fo_f)(t-& T) ,

where

v_(0, _) t8 a scattering_ coefficient of__ _._..v --_.._°"'#'-_a,'id d_pends on

t_anci #_, and the si_rn of+&f is +Af for 0< 0_ _/2'and-Af for

o > * _ -_/z.

H ei(t ) is assumed to be a pulse train, as shown in Fig. 2, its formula
can be written

_ M

15) eilt)= Vlt) • _, Ult-nT_)6

n Z. _a

where V(t) is the envelop_ _;.-ctionof the pulme train _an__,_=_,is the

component pulse functior_c_ the same.

!

!

Ult)

NT, --_, S

Fig. Z. A pulse train.
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If t_ wave is periodic, as shown in Fig. 3, V(t) changes as

O@ 0@

(61 v(tl: _ v(t-iTl):_ V(t-i.N+--_oTs).L_i

i=-o, i=-

Fig. 3. Transmitted pulse train. . ii
1

From Eqs. (4) and (5), the reflected wave from the satellite's i
_j

(7) er(t) = 2 • v-i(O, q_)• R*. sin 8. cos 00. V(t-A T). U(t-'_Ts'-A T)

1. ejZ-(fo+Af). (t-ZkT) .

In F___I. (7),the factor Z on the right of the equal sign indicates I
the contribution from a point p'(O ¢) onthe other hemisphere of the

surface; and the prime sign of Ts I indicates the effect of dopple_ shift
in frequency which is equivalent to changing the scale unit __--.. i)

', from unity T s' is 1 _ . ,
i|

Ts _ Ts . _l[!
(8) T s' =

1 +"^f 1 * Z nR sin e. sin ¢ I
" fo c

1878-I 4 I
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Substitutln+ Eqs. (I)and (2)Into Eq. (7)we get a for+nula for the
zef!_cted wave as

(9) e=(t)= z. v{(%_)Rasme.-o,_.v{t-z--_R(1-,in_.co,¢)}
C

" _' U{t-nT_' . Z_R:(I- ,in(), cos _)}
Z_ c

n--- i_

.. r. ZfO ---j-_tZo+ _R sinO. sin#}{t- ZR(l-sinO. cosO)) .
• £ --'5_ C

Total reflection from the satellite is

_o ¢=-Z
Z

To detect surface roughness on the sa_.ellite it is neces,a_/to design
matched filterscorresponding to each p oint p(O,_). Then, we may write

the responses of these ;matche4 filtersas H(f,8,_) rather than H(f). We

can determine the frequency _pectrum of the reflected wav_ by the

' Fourier transform of Eq. (9). Further, by omitting the carrier frequency

component from the reD_ected signal, Eq. (9)becomes

ae

(I,) er(f)= A,.e._).u(f)• v(f-n_-_-),

where

1

IIZ) A19,¢1 = 2. vElS,4p).Rasln 8-cos #P,and

• (1.31 Ulf} = y U(_-_.T) e'JZ_ftdt= U'(f}•"jzwf&T ,

-m
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= Z " = ZA' _ .; U'(f) = Z ._ _' -j21rf

2

U'(f) is the frequency spectrum of a component pulse and Z_' is its width

with doppler shift;

a(l +_Toaf )JA' A
(14) = ---_--_s .

T_s Ts
_ Af )_:

XO

Equation (14) shows that the duty cycle of the transmi_.ed pulse is equal
to that of thG reflected wave.

If the envelope V(t) is periodic# as seen in Fig. 3, we can rewrite

! Eq. (II) from Eqs. (5) and (6) as

[ am

(15) er(t)= A(0,4p)• V(t-i N+M Ts') ,

i=-o, n=- o,

or

= A(O,@) V(_)* 5(t-i N+M Ts' " (t)* 5(t-nTs' ,

i=._ u n=-o.

Y.

where * indicates convolution and 5(t)is the impulse function.

Fourier transform of _q. (15) shows the frequency spectrurn ofi

_he reflected wave, thor_as

_ 1
(16) erlf) = A(0,4p) V(f) 5(f- i ) ,

Ts' N+--M r_ j •

1878-I 6
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I U(f) 5 -n •

1 ns- a
I

] or
1 V -

1 U 1

• T._.sT -n .
n=° _ J

| where

NTs'

I -- ( *I*
. (17) V - i = 2 V(t-AT) e

I 1_* Tst NTs'

l
• i \

= ZNT_ ..
,

_NTs (£'N----_Tsl t

From Eq. (15)

,,.,,U(_n+_)'S u_.__.,._.
.I , A_

z

t sin lrA'('- n_,_-) -jZlt(f- _s )I_T= ZA t ( •

(, *)
1878-1 7
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By substituting Eqs. (17 i and _13') into Eq, (16)

"- _" sin _'NTg " _ T_

i o, N+M T_

<nlj•,j2.'ir - _ AT G

whe re

A ' NTst N
_s=_ =--_--_ , _1 =_ ' =--_ '

Ts' Ts N+M Tsi N+1%4

A' - A , - Ts
l+Af ' Ts_ 1 + A__ff

" fo fo

zf_ZR
AT- (1-sin e. cos q,), andAf =---_tqR sin 8. sin 6C C < "

In Figs. 4(a-g) the graphs of er(f) ate shown. It is easily under-
stood that the origin of the coordinate corresponds to the carrier 5re- !

quency with t.e doppler shift.

From the definition of the matched filter H(f)

"_'J e-iZ=ftz(191 Hlf) = Ga er(f) ,

{

1873-1 8
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--_f

I• -_ N+--_"T,I

....lllllllilllmmllUUl
=l,

(b)

I

(¢)

! (d)

F';g. 4. Frequency spectrum of the 1"eflec_ed
_ signal from a 8_teU_te.z
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._i+ll I I I _ !,l l ijl
(el

i=-_. n--- +. / Ill X

_ f-,
_f--- /

( +_ / it
!

I "-_ + '

, .__,_ +,
Z'

(,.: _) i+}

Fig. 4. Frequency spectrum of tl_e reflected
signal from a satellite.
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whene
J

G_ is a constant equal to the maximum filtergain and usua;_:y
taken to be.u:dtT,

" er(f) is a complex conjugate of er(f), and
i

tl is a fixed value of time at which the signal is observed.

• CombLning Eqs. (18) and (19)we get H(f,O,_) as

I=-o, =NTJ .f N+_ Ts'

=A ' f - n

I,npulse response of H(f, 8,_) is

011

(21) h(t,O,4p)= _ H(f)cj2_ft df = er(tZ- t) .
-00

By substituting Eq. (15) into Eq. (Zl) and adding AT, Eq. (Zl)
becomes

(22.) h(t,0,¢) = A(0,¢) (tl+AT-t) * 6(t_+AT-t+iN+M TJ)I
r
I

• i=-*' £

• (Tt +AT- t)* 6(t,+AT- t+nTs' ,
i

L n=-- j
1878-I IJ
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OF

= A(_,_) v(t_ +z_T - t + i N_M T/ )
4

,-he output of a matched filter in geueral is as shown

o0

(2.3) eo(t) -- S er(f) " H(_') ° eJZ_rft df

or

(23') eo_,_"= er(t) * h(t) .

Since it is desired to determine the surface characteristics of

the satellite, it is necessary, at least conceptually, to arrange many

matched filters corresponding to each of the divided surface portions

as shown in Fig. 5. The output of a matched f_lted Hpq(f) or hpq(t)
resulting from a signal reflected from 8pl_q8 may be expressed as
eo(f ) or eo(t), Joe., !

124) eol_)p_p_q, q, = er(f)p,q,. Hlf)pqO ¢j2_ft df i

or

}

(2.4') eo(t)p_p,,q.qt _ er(t)plql * hpq(t) . • t

I.

1878-I lZ _i

_

1966087651-019



i

t

' p(Op,q) _%t, _'_°_l-'l-I-I I I _-_0,.

I ' I

' I _ql II I
I I _ I

pl(8p ., o..

(°""_'_.... "/q = 1,2,3 .... M

!
Fig. 5. Matched filters arrangement.

! .
I " To calculate E¢I. (24) or (24'). put ATpq and Afpq into H(f, 8.¢) or

h(t,O_¢)_ and _Tp,q, and Alp,q, "into er(£) or er(t ) ,

I where
_ zK

ZITpq-_ (i - sin 8p cos _q) ,

! c
_Tp,q, = Z_RR(1 - sin Opt "coe _q,) ,C

__Zf° • sin_q ,- Afpq = _R sin 8pc

¢

=-- GR sin Op, sin _qt ,_,f_,q.Zfo¢

and p,p% q, and q' aro in¢egers deaignating each of the divided points on
the surface of tne satellite. Equation (Z4) can then be rewritten as

1878-1 1.3

1966087651-020



(Z5) _ '_ = A(Sp" _)q)A(Sp_.@q_)o ,')p-p',q.-q'

F"

i----_-- ' V(t-ATp_q_''iN �H�À�Tslplql){0,

• I/_ U(t-ATp'q' - nTs'p,q, ) *

!_ V(tl +_ +iN+M -t)
, Tpq Ts'pq

ki=-_

_ U(tl +& Tpq +nTs'pq - t) •

n-. (:x%

Since the component pulses are of very snort duration, almost

approaching _ne delta function, and since the envelope function varies

at a much slower rate than the function of the component pulses, the

forming of the products and the order of convolution in Eq. (2.5)can

be ar1'anged, i.e. , )
[

(Z6) eo(t)p_p, q_q, = A(Sp- Cq)A(%, •Cq, ) V(t -A Tp'q'-i N+M T'p,q,)
1"

1

" ! ' i
• _, V(tl+_ Tpq+i N+M Tsp q- t) •

i_-- U '

,
1878-I 14 _'
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I- - ]
a

Further, the product of the sums is composed of the sums of the products

in Eq. (26};thus Eq. (26,%can De rearranged as

(27) e¢(t)p_p_q.qt = A(ep- Cq) A(gp.. _q:)

' I) v(t- Tp,q,-iN+MT p,q,l*
Li -'_.

"I

v(t_+nTpq + iN+M T_pq-t)1
|

U(t - ATplql - nTsp, q

U(t1+ _Tpq + n T_pq - t)l
J

Figure 6 shows tne output waveforms of a matched filter. Figure 6(a)

shows a filteroutput in t,e case when the response of the filteris matched

to the input wave,_orm; Fig. 6(b) shows the same filteroutput _n tne

m-_smatched case. In Fig. 6(a) the output of the filtereo(t) shows a
maximum valu_ at observing _ime tl, while in Fig. 6(b) it shows a lower i

value at the sam _. time_ tl. Therefore by observing the response of _:he

filter at a fixed time, tl _ we can discriminate between signals which are
or are not matched to _he response of the filter. Figures 6(c) and (d)

show the output of a filter w_ich is designed for a response to be matched !

on'_y to the envelope lunch, ton of the input signal. We can see that the out-

put is maximum eo(_l)in Fig. 6(c]; however_ eo(tl) in Fig. 6(d) does not
z

' show such a lower value as is shown in (b), From _he above estimation

we see tha_ it is difficult to distinquish the difference between each input

signal by a filter if the response of the filter is designed only to be matchedJ

to the envelope characteristics of the input signal• Since it seems to be

1878-1 _5
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Impulse Response Of h(t,+ATpQ-I)pq

A Filter N r] r] I _ N H
,,i--- t

Input Signal / er (t -_lTPq)Pq

fin NH_n
eo(tl)__. _ ! _ t

Output Of The Filter At_ Aj %( t )pi_ _ _ -P'q-q

;','",",i!IIIiI{ilI!AA
It i -----_ t

(a) Matched Output Of A Filter

Impulse Respor, se Of A Filter h (t I +/_Tpq-t)pq

flflN nn,q
,_--t

er ( t - A Tp'q"tp,ci,Input Signal

f-I In. rGfG__t-ir] n

Output Of The Filter .,_-"K"*--i_T- _I

i,_, /,, /I "_ eolt )P- P_,q-q'_ll I II
i', ", ,', I I-.,.,/ .' ,' ; I I I "

eo(ti )--_ ----_t
i

t i

(b) Mismatched Output Of A Filter

Fig. 6. Outputs of the filters in time doTnain.
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Impulse Response Of h (tl+ _Tpq- t)pcl
A Filter

• V_7 I, _
I '"- I

e r (t - _Tpq)pqInput Siqnal I

, _rl.rlrl1_N_rl

I Output Of The Fi=;er 2 ""l _ eo( t )

__I':':" ) ;e (ii)_--l-_ P-P'q-q

i ._-= ...it --_i+

I ll"--_
(c) Motched Output Of A Filter

i "
I • Fig. 6. Outputs of the filters{n time domain.

difficultto "Jiscriminate the signal in the above case, let us considerthe same problem in the frequency dome.in, If the incident pulse train
on the target is finitebecause of ti_,e available for i11umination, the

II spect_am of the received signal becomes a continuous spectrum asshown in Fig. 7 rather than as shown in Fig. 4(g). From the design

of the matched filterresponse such that only the main lobe component

"1 in the spectrum of the :eefiected_ignal is passed_ we can discriminate
! between matched signal and mismatched signal as shown in Figs° 7(a)

and (b), respectiveiyo provided that the devistion by doppler shiR between

two signals which are reflected from each adjacent portion on the sateUitesurface is large in comparison with the bandwidth of the main lobe cor_-
ponent in the reflected signal. The above _iscussions wiZI be helpful in

II understanding the rela*,ionsoet_een signal and filtez*response,
i

l
¢.
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Impulse Response Of A Fi!ter h(t I +ATpq-t)pq

I !
I i

input Signa! er (t-AT_lq,)p,q,

, , O n 0 o o o o ,
t---,_

Output Of The Filter

, __ Z ---r--"-'lT -__.__ °(t )p- p_,q-q'

,-- - eo(t,)_--L.L_ -r --_--" ½ ! i
t--_

F-
t I ,,

(d) Mismatched Output Of A Filter r

,'.j

,

Fig. $. Outputs of the filters in time domain.
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I.

I.
Spectrum Of The Signol Re_lected

I .rooo(0_,°). -':I''[i
//z \\\ er(flpq

A

IDes_gned To Be Mote_heal The III
Envelope Function Of The |II

• _ . H(f)

r -"_f

!

Matched Output Signal Of The /
Filter

eo( f )p-p,q-q

,.=dl= -==_ _ _

---.._ f

( fo ± A fill )

(a)

Fig. 7. Outputs of the filters in freq, ency domain.
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Spectrum Of The Signal

, Reflected From p(Sp,_q,) /t i ""..

fo +-_ f p'q'
---_f

Filter Response Which ;s
Designed To Be Matched T.e
Envelope Function Of The
Signal Reflected From

p (ep_q) H(f _pq

for_pq .-_ f

Mismatched Output Signal eo(f }p_peq_q,Of The Filter

..-.._ f

( fo -+Z_fp'q, ( fo -+Z_fpq) 3

(b)
t

i
• (

Fig. 7. Outputs of the filtere in frequency domain. F

L
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!
I

l CALCULATION OF THE AMBIGUITY

' FUNCTION

. We may write tne axnbiguity function of the reflected waveform
of a poin _. of the satellite surface as VX{nxfe& T, fd • Td) I rather than

the usual expression of [Xlfd,Td)[.

From the definition of the ambiguity functions

I .
{28) [X(af'&T'fd'Td)l = I" er(t-_T) • _r(t-AT-Td)

! ,fi

I

I where

I _(t) is the complex conjugat_ of er(t) and

I-Af at 0<_< -_

I ' _AI ' -- Z
Af at 0> ¢>_ g .

By substitutingEq. (151 into Eq. (28)

I 2= A(8,¢,_ V(t-A T-;-N+M T_)

(Zg) JX(Zlf,A T. "., Td) l I -" "=-

! ,I_ OIb

U(t-A T-nT_) * 2(8_@) • Vlt-_l T-Td-i N+M Tl)

l n=- _ i=-_,

-'_ * _ _i%'&T'Td-nT_) • _-J2_(fd_Af)tdt .
n ¢m

t

H we select the coordinate origin at (Af_AT), Eq. (zg)becomes

[X(O,O, fd,Td)[ and! *

i
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- !U(t-Td-nT_) - ¢-JZ_fdtdt o

Now, let us consider the problem of integral Eq. (30). As shown

tn Fig. 8(a), the function to be h.Cegrated in Eq. (30) is a pulse train which

is produced by the m_tltiplication of a pulse train w_th t_he same but delayed
one. l_ne resultant pulse consists of the envelope function V_) and com-
ponent pulse funct£on U'(t). As shown in Fig. 8(b), V'(t) has the width of

-- /

N+;,_ Ts-.

-,_-----NT_ r!

rrn-_ _ t

er(tl'e(t'Td) i[ _ _. " _ Iq
' cL_-rm) ___

, 'L m ,J • =

_ Ta
;
I t=O

i (a) ,

!

I Fig. 8. Waveforms of the function which are
integrant in Eg, (30),
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where

m_ 1,2,3,--_d = mT_ + Trn and ,

-T <="=< -m,, 2, •

Equation '_30) becomes

ol

Ut(t- T----m-_ nTJ)E-JZ=fdtdt[
n = -

By convolution

(33) [X(0,0, fd, Td)l= Az(8,*) V'(t Td iN+M Ts t)Z

-jZ_fdtdt Tm
e , Ut(t - _ - nT •

__ L-o, n_- o, }
"JXWfdtdt

J 9

= A2(O,*} V'(t- T_._dz" iN+-'--MTs)'e-JZ_fdtdt *

I . _ nTs s) e'JZ_fdtdt
Z
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t
I

The Fourier transform of the envelope V'(t)is

I L" �ä�:_
I F _ f ! ,, ,

I sin_ ,If__" *,T_*''[_"/:o' | _*_I'S'" Td )

l : I ..___Z..... ,, / . -I ._T' ._ff i V

I -,,&-L__h_1 "

• J
z i

I _jZ,(fd__ _ Td

• \ _T_ ]--/- .

-!
The Fourier transform of the component pulse function U'(t) is

C .., [_." Tm --,' -J2"fdt- FZ C A''rm

, _ u I_ --- - n T__ £ Ot : I_-_-7I _' o _ , .j /_. _,,,.,,,,

e dt •

1
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Z z sinZ _ n (ZI'-Tin) -JZltfd "_

(f n )_z d " T--_-

By substituting Eos° (34) and (35) into Eq, (33} we obtain

(36) jX(0'0'fd'T_iJ=Az(O'q)'I ZN+{4Td " Z 1a'T--_

si_. fd-N+_TJ .. •

(,_ i )'

sin'. T_) . _ . ' _

lrz (fd . n=' T"_ . !

Replacing fd and Td/Z by fd + Af and _T_ respectively, {

we obtain a formula for the ambiguity functie- which includes doppler
shif_ ZXf and time delay A T;

2"

[

Z

(_AI%,),)(37) IX(Af'AT'fd'Td}[ =' _T"T IS

o, sinZlr d " N+M T_
g

Irz fd- i *A
J

-J" d -_T_ :_A (Td+ AT)

U
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i

IX C ° _
• - '_'_(_-_,_'I_'- _Ii

£d" n

!
-J" d _-]..

|
Figures 9 (a)_ {b), a_ud (c) show _.he diagram of the ambiguity function

I o£ Eq. (37),.

I ( _f, AT)

I

I

; (Af AT)

- Ix(.'.f.AT.f,.O)l

Q

Fig. 9. The ambiguity diagrams of a matched filter
output. (a) on both _xes, fd and Td, (b) on

the fd axis.
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(6",;,:_

"' T_ " J Td
I

j_ N +'_ T_

(C}

Fig. 9. The ambiguity diagrams of a matched _filter

output. (c) on th2 T d axis.

CONCLUSIONS

Ifthe transmitted radar signal is a pulse train as s_own in Fig.

3, the reflected wave from a point p(fl,_b)on the surface has the figure
of discrete frequency spectrum as shown im Fig. 4, the formula for
which is given in Eq. (18).

From the interpretation of Fig. 4, we can see .hat the origin

of the coordinate in Fig. 4 corresponds to the carrier frequency with
dop,_ler sh'ft _+Af. The amplitude of the spectrum at the origin has

A(O,, , ,_ •Z_ • The spectral lines ar_ separated by an interval of
I/'FT+'__ •

The intervals in the spectrum between the main lobe and the first
side lobe, and between the side lobes are I/T t. The width of the main

lobe is 2/NTs r 0 which depends on the surface point p(0,@). The w_dth

of the envelope o_ the positive lobes about the origin is Z/_w which _i=-_

depends on p(O,_).

We then know that a_/of the above parameters are some ftmct[ons

of doppler shift_f and delay time _ T at refl_.ctionpoint P(0e_}. "

1878-1 Z8
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I
£he trnnsfer f_mction and impulse response of the desired matched

, filterare sho_vn in Eqs. (ZO)and (ZZ).

Figure 7 shcws the output of the matc_ed filterH(£)pq against

' the signal er(f_'q' reflected from a point P(_._q,) of the surface,

Figure 9 shows the sunabiguityd{agram of the sigr._alreflected £rorn apointP(%@). We can see that it resembles the discrete figure of Fig.

]:and allparameters also become some functions of z_fand AT.
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